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SPECIAL LAGRANGIANS AND LAGRANGIAN SELF-SIMILAR
SOLUTIONS IN CONES OVER TORIC SASAKI MANIFOLDS
HIKARU YAMAMOTO
Abstract. We construct some examples of special Lagrangian submanifolds
and Lagrangian self-similar solutions in almost Calabi–Yau cones over toric
Sasaki manifolds. For example, for any integer g ≥ 1, we can construct a real
6-dimensional Calabi–Yau cone Mg and a 3-dimensional special Lagrangian
submanifold F 1g : L
1
g → Mg which is diffeomorphic to Σg × R and a compact
Lagrangian self-shrinker F 2
g
: L2
g
→ Mg which is diffeomorphic to Σg × S1,
where Σg is a closed surface of genus g.
1. Introduction
Special Lagrangian submanifolds are defined in almost Calabi-Yau manifolds.
Recently special Lagrangian submanifolds have acquired an important role in Mirror
Symmetry. For example, they are key words in the Strominger–Yau–Zaslow Con-
jecture [17] which explains Mirror Symmetry of 3-dimensional Calabi–Yau mani-
folds. Furthermore Thomas and Yau [18] introduced a stability condition for graded
Lagrangians and conjectured that a stable Lagrangian converges to a special La-
grangian submanifold by the mean curvature flow.
In this conjecture, the mean curvature flow is also one of important key words.
Simply stated, mean curvature flows are gradient flows of volume functionals of
manifolds. In a precise sense, it is a flow of a manifold in a Riemannian manifold
moving along its mean curvature vector field. Let (M, g) be a Riemannian manifold,
N a manifold and F : N × [0, T ) → M a smooth family of immersions, then F is
called a mean curvature flow if it satisfies
∂F
∂t
(p, t) = Ht(p) for all (p, t) ∈ N × [0, T )
whereHt is the mean curvature vector field of the immersion Ft := F (·, t) : N →M .
If the ambient is Rm, there is an important class of solutions called self-similar
solution. An immersion of a manifold F : N → Rm is called a self-similar solution
if it satisfies
H = λF⊥
where λ ∈ R is a constant and F⊥ is the normal part of the position vector F .
Huisken [9] has studied mean curvature flows in Rm and proved that if the mean
curvature flow in Rm has the type I singularity, then there exists a smoothly conver-
gent subsequence of the rescaling such that its limit becomes a self-similar solution.
In this sense, a self-similar solution can be thought of as an asymptotical model
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of a mean curvature flow which develops a type I singularity at the time when it
blowups.
In this paper, we construct Lagrangian self-similar solutions in cone manifolds.
To define self-similar solutions in cone manifolds, we use the generalization of po-
sition vectors in Rm to cone manifolds defined by Futaki, Hattori and the author
in [5].
Here we introduce some notations over cone manifolds. First, for a Riemannian
manifold (S, g), we say that (C(S), g) is a cone over (S, g), if C(S) ∼= S × R+ and
g = r2g+dr2 where r is the standard coordinate of R+. We denote two projections
by π : C(S) → S and r : C(S) → R+. On the cone C(S), there is a natural R+-
action defined below. This action can be considered as an expansion or shrinking
on the cone.
Definition 1.1. We define the R+-action on C(S) by
ρ · p0 = (s0, ρr0) ∈ C(S) ∼= S × R
+
for all ρ ∈ R+ and p0 = (s0, r0) ∈ C(S).
Definition 1.2. For a point p0 = (s0, r0) ∈ S×R+ ∼= C(S), we define the position
vector −→p0 by
−→p0 = r0
∂
∂r
∣∣∣∣
r=r0
∈ Tp0C(S).
Furthermore, for a map F : N → C(S) from a manifold N , we define the position
vector
−→
F of F by
−→
F (x) :=
−−−→
F (x) at x ∈ N . Note that
−→
F is a section of F ∗(TC(S))
over N .
Clearly −→p0 coincides with the derivative of the curve c(ρ) := ρ · p0 in C(S) at
ρ = 1, that is,
−→p0 =
d
dρ
∣∣∣∣
ρ=1
(ρ · p0).
Using this generalization of the position vector, we can define self-similar solutions
in cone manifolds.
Definition 1.3. Let N be a manifold. An immersion F : N → C(S) is called a
self-similar solution if
H = λ
−→
F
⊥
where λ ∈ R is a constant. It is called a self-shrinker if λ < 0 and self-expander if
λ > 0.
Here ⊥ is the orthogonal projection map from F ∗(TC(S)) to T⊥N which is
an orthogonal complement of F∗(TN). Furthermore if a self-similar solution in a
Ka¨hler manifold is a Lagrangian submanifold, then we call it a Lagrangian self-
similar solution.
The typical results in Rn studied by Huisken [9] are extended to the mean curva-
ture flow in a cone manifold by Futaki, Hattori and the author in [5]. For example,
it is proved in [5] that if a mean curvature flow in a cone manifold has the type
Ic singularity, then there exists a smoothly convergent subsequence of the rescaling
such that its limit becomes a self-similar solution. Type Ic singularity is a certain
kind of singularity similar to type I singularity, and for more details refer to [5].
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In this paper, we present a method of constructing special Lagrangian submani-
folds and Lagrangian self-similar solutions in toric Calabi–Yau cones. First we con-
struct Lagrangian submanifolds in toric Ka¨hler cone in Theorem 3.4. Next, if the
canonical line bundle of the toric Ka¨hler cone is trivial, that is, it is a toric almost
Calabi–Yau cone, then we construct special Lagrangian submanifolds in Theorem
6.1 and Theorem 6.2, and Lagrangian self-similar solutions in Theorem 7.1. These
constructions are considered to be a kind of extension of special Lagrangian sub-
manifolds in Cm by Harvey and Lawson [8] and Lagrangian self-similar solutions
in Cm by Joyce, Lee and Tsui in [11], see Remark 6.3 and Remark 7.2. As an
application of these theorems, we concretely construct some examples.
Example 1.4 (cf. Example 8.4). For any integer g ≥ 1, we construct a real 6-
dimensional Calabi–Yau cone Mg and a 3-dimensional special Lagrangian subman-
ifold F 1g : L
1
g → Mg which is diffeomorphic to Σg × R and a compact Lagrangian
self-similar solution (self-shrinker) F 2g : L
2
g →Mg which is diffeomorphic to Σg×S
1
concretely, where Σg is a closed surface of genus g.
This paper is organized as follows. In Section 2, we introduce some basic def-
initions and propositions in toric Sasaki manifolds. In Section 3, we construct
Lagrangian submanifolds in cones over toric Sasaki manifolds. In Section 4, we ex-
plain some details about almost Calabi–Yau manifolds, Lagrangian angles, special
Lagrangian submanifolds and generalized mean curvature vectors. In Section 5, we
compute the Lagrangian angles of Lagrangians constructed in Section 3 when the
ambient is a toric almost Calabi–Yau cone. Section 6 is devoted to the proofs of
Theorem 6.1 and 6.2. Section 7 is devoted to the proofs of Theorem 7.1. In Section
8, for an application of our theorems, we construct some concrete examples in toric
Calabi–Yau 3-folds.
Acknowledgements. I would like to thank to A. Futaki for introducing me to the
subject of special Lagrangian geometry, for many useful suggestions and discussions
concerning Sasakian geometry and for his constant encouragement.
2. Toric Sasaki manifold
In this section we introduce some definitions and propositions in toric Sasaki
manifolds. Proofs of the results in this section are summarized in the papers of
Boyer and Galicki [3] and Martelli, Sparks and Yau [14]. First of all, we define
Sasaki manifolds.
Definition 2.1. Let (S, g) be a Riemannian manifold and ∇ the Levi-Civita con-
nection of the Riemannian metric g. Then (S, g) is said to be a Sasaki manifold if
and only if it satisfies one of the following two equivalent conditions.
(2.1.a) There exists a Killing vector field ξ of unit length on S so that the tensor
field Φ of type (1, 1), defined by Φ(X) = ∇Xξ, satisfies
(∇XΦ)(Y ) = g(ξ, Y )X − g(X,Y )ξ.
(2.1.b) There exists a complex structure J on C(S) compatible with g so that
(C(S), g¯, J
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We call the quadruple (ξ, η,Φ, g) on S the Sasaki structure. S is often identified
with the submanifold {r = 1} = S × {1} ⊂ C(S). By the definition, the dimension
of S is odd and denoted by 2m − 1. Hence the complex dimension of C(S) is m.
Note that C(S) does not contain the apex.
The equivalence of (2.1.a) and (2.1.b) can be seen as follows. If (S, g) satisfies
the condition (2.1.a), we can define a complex structure J on C(C) as
JY = Φ(Y )− η(Y )r
∂
∂r
and Jr
∂
∂r
= ξ.
for all Y ∈ Γ(TS) and r(∂/∂r) ∈ Γ(TR+), where η is a 1-form on S defined by
η(Y ) = g(ξ, Y ). Conversely, if (S, g) satisfies condition (2.1.b), we have a Killing
vector field ξ defined as ξ = J ∂∂r .
We can extend ξ and η also on the cone C(S) by putting
ξ = Jr
∂
∂r
, η(Y ) =
1
r2
g(ξ, Y )
where Y is any smooth vector field on C(S). Of course η on C(S) is the pull-back
of η on S by the projection π : C(S) → S. Furthermore the 1-form η is expressed
on C(S) as
η = 2dc log r(1)
where dc = i2 (∂¯−∂). From (1), the Ka¨hler form ω of the cone (C(S), g) is expressed
as
ω =
1
2
d(r2η) =
1
2
ddcr2 =
i
2
∂∂r2.(2)
Remember that we have defined R+-action on C(S) in Definition 1.1. By (2), it is
clear that ρ∗ω = ρ2ω, where we denote the transition map with respect to ρ ∈ R+
by the same symbol ρ : C(S) → C(S); ρ(p) = ρ · p. Next, we introduce the notion
of toric Sasaki manifolds.
Definition 2.2. A Sasaki manifold with Sasaki structure (S, ξ, η,Φ, g) of dimension
2m− 1 is a toric Sasaki manifold if and only if it satisfies one of the following two
equivalent conditions.
(2.2.a) There is an effective action of m-dimensional torus Tm on S preserving the
Sasaki structure.
(2.2.b) There is an effective holomorphic action of m-dimensional torus Tm on
C(S) preserving g. Furthermore two projections π : C(S) → S and r :
C(S)→ R+ satisfy π(τ · p) = τ ·π(p) and r(τ · p) = r(p) for all τ ∈ Tm and
p ∈ C(S).
It is clear that R+-action and Tm-action is commutative. The most typical
example of the toric Sasaki manifold is the sphere S2m−1, because C(S) = Cm \{0}
is toric Ka¨hler.
The equivalence of (2.2.a) and (2.2.b) can be seen as follows. If a Sasaki manifold
(S, g) satisfies the condition (2.2.a), let τ ∈ Tm act on C(S) as
τ · p0 = (τ · s0, r0)
for all p0 = (s0, r0) ∈ C(S). Then this action on C(S) satisfies the condition
(2.2.b). Conversely, if a Sasaki manifold (S, g) satisfies the condition (2.2.b), then
the restriction of Tm-action to S satisfies the condition (2.2.a).
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Let g ∼= Rm be the Lie algebra of Tm and g∗ be the dual vector space. We
identify the vector field on C(S) generated by v ∈ g and v itself. That is, for
p ∈ C(S) we write
v(p) =
d
dt
∣∣∣∣
t=0
exp(tv) · p.
A toric Sasaki manifold and its cone have a moment map µ : C(S) → g∗ with
respect to the Ka¨hler form ω = 12d(r
2η). It is given by
〈µ(p), v〉 =
1
2
r2(p)η(v(p)),(3)
for all p ∈ C(S) and v ∈ g and it satisfy
d〈µ, v〉 = −ω(v, ·).
On the other hand, since C(S) is a toric variety, there exists a fan Σ of C(S)
and the complex structure on C(S) is determined by Σ. Moreover there exists an
m-dimensional complex torus Tm
C
(∼= (C×)m) contains Tm as a compact subgroup,
and Tm
C
acts on C(S) as a bi-holomorphic automorphism and has an open dense
Tm
C
-orbit. Hence, over C(S), there exists an intrinsic anti-holomorphic involution
σ : C(S) → C(S) determined by Σ, that is, σ2 = id and σ∗J = −Jσ∗. This
involution satisfies
σ(w · p) = w · σ(p),(4)
where w ∈ Tm
C
and p ∈ C(S). We denote the set of fixed points of σ by
C(S)σ = { p ∈ C(S) | σ(p) = p }.
Then it is a real m-dimensional submanifold of C(S), and we call it a real form of
C(S). Now we consider some properties of σ and C(S)σ.
Proposition 2.3. The involution σ : C(S) → C(S) is anti-symplectic. Thus it is
also isometry.
Proof. Let U0 be an open dense T
m
C
-orbit. For (w1, . . . , wm) ∈ U0 ∼= TmC
∼= (C×)m,
we take a logarithmic holomorphic coordinates (z1, . . . , zm) defined by ez
k
= wk.
Since ω is Tm-invariant and the action of Tm is Hamiltonian, there exists a function
F (x) ∈ C∞(Rm) with the property
ω =
i
2
m∑
k,ℓ=1
∂2F
∂xk∂xℓ
dzk ∧ dzℓ on U0,
where zk = xk + iyk. (See Guillemin [7].) On U0, the involution σ coincides with
the standard complex conjugate σ(z) = z, where z = (z1, . . . , zm). Note that F is
independent of the coordinates (yk)mk=1. Thus we have σ
∗ω = −ω on U0. Since U0
is open and dense in C(S), thus we have σ∗ω = −ω on C(S). Second statement
follows immediately by combining the property that σ is anti-holomorphic. 
Here we have some remarks.
Remark 2.4. Take a point p in real form C(S)σ and two vectors X,Y in TpC(S)
σ.
Since σ∗X = X and σ∗Y = Y , we have
ω(X,Y ) = ω(σ∗X, σ∗Y ) = −ω(X,Y )
by Proposition 2.3, hence ω = 0 on C(S)σ. This means that the real form C(S)σ
is a Lagrangian submanifold in C(S). Moreover if we apply the condition (4) for p
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and τ ∈ Tm, we have σ(τ · p) = τ−1 · p, hence for all v ∈ g we have σ∗v(p) = −v(p).
This means that v(p) is orthogonal to TpC(S)
σ with respect to g.
In general we do not know for p in C(S)σ whether its position vector −→p is tangent
to C(S)σ. However if we assume the Reeb field ξ is generated by an element in g,
then it is ensured. For such a toric Sasaki manifold, we identify the Reeb vector
field ξ and an element in g that generates ξ.
Proposition 2.5. Let (S, ξ, η,Φ, g) be a toric Sasaki manifold. If the Reeb field ξ
is generated by an element in g, then for all p in C(S)σ its position vector −→p is
tangent to C(S)σ.
Proof. Remember Remark 2.4. Since C(S)σ is a Lagrangian submanifold, we have
orthogonal decomposition
TpC(S) = TpC(S)
σ ⊕ J(TpC(S)
σ),
with respect to g. Now ξ is in g, hence ξ(p) is orthogonal to TpC(S)
σ, that is, ξ(p)
is in J(TpC(S)
σ). On the other hand, ξ(p) = J(r ∂∂r )|at p = J(
−→p ). Thus we have
−→p ∈ TpC(S)σ. 
In our paper we always assume that the Reeb field ξ of toric Sasaki manifold is
generated by an element in g. By Proposition 2.5, it follows that C(S)σ is also a
cone manifold. If we write Sσ = { p ∈ S | σ(p) = p }, then C(S)σ = C(Sσ).
In the last of this section, we remark some facts that is well known in the toric
contact geometry and the algebraic toric geometry. Let C(S) be the cone of a toric
Sasaki manifold S with dimension 2m− 1 and with the Reeb field ξ. Let Zg ∼= Zm
be the integral lattice of g, that is the kernel of the exponential map exp : g→ Tm.
Let Σ be a fan of C(S) and Λ = {λ1, . . . , λd} ⊂ Zg be the primitive generators of
the 1-dimensional cones of Σ. Let ∆ = µ(C(S)) be a moment image of C(S) and
let ∆∗0 be a (open) dual cone of ∆ defined by
∆∗0 := { x ∈ g | 〈y, x〉 > 0 for all y ∈ ∆ }.
Remark 2.6. In fact, ∆ is a good rational polyhedral cone defined below and the
Reeb field ξ is an element of ∆∗0.
The second statement in Remark 2.6 is clear since for all p in C(S) we have
〈µ(p), ξ〉 =
1
2
r2(p)η(ξ(p)) =
1
2
r2(p) > 0.
Definition 2.7 (Good cone, cf. [12]). First we say that a subset ∆ ⊂ g∗ is a rational
polyhedral cone if there exists a finite set of primitive vectors Λ = {λ1, . . . , λd} ⊂ Zg
such that
∆ = { y ∈ g∗ | 〈y, λ〉 ≥ 0 for λ ∈ Λ } − {0}.
We assume that the set Λ is minimal, that is, we can not express ∆ by any subset
Λ′ ⊂ Λ, Λ′ 6= Λ. Furthermore we say that ∆ is strongly convex if ∆ ∪ {0} does
not contain any straight lines of the form ℓ = { p + vt | t ∈ R } for some p and
v in g∗. Under these assumptions a strongly convex rational polyhedral cone ∆
with non-empty interior is good if the following condition holds. If a subset Λ′ ⊂ Λ
satisfies
{ y ∈ ∆ | 〈y, λ〉 = 0 for λ ∈ Λ′ } 6= ∅,
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then Λ′ is linearly independent over Z and
(5)
{ ∑
λ∈Λ′
aλλ
∣∣∣∣ aλ ∈ R
}
∩ Zg =
{ ∑
λ∈Λ′
mλλ
∣∣∣∣mλ ∈ Z
}
.
By the standard algebraic toric geometry theory, we know that the canonical
line bundle KC(S) of C(S) is trivial or not. That is the following remark.
Remark 2.8. The canonical line bundle KC(S) of C(S) is trivial if and only if there
exists an element γ ∈ (Zg)∗ ∼= Zm such that
〈γ, λ〉 = 1
for all λ ∈ Λ. In fact, by using this element γ = (γ1, . . . , γm), we can construct
canonical non-vanishing holomorphic (m, 0)-form on C(S) by purely algebraic toric
geometry way, and we denote it by Ωγ . On the open dense T
m
C
-orbit U0 ∼= (C×)m,
we can express Ωγ by the logarithmic holomorphic coordinates (z
k)mk=1 by
Ωγ = exp(γ1z
1 + · · ·+ γmz
m)dz1 ∧ · · · ∧ dzm.
3. Construction of Lagrangian submanifolds
Let (S, g) be a toric Sasaki manifold with dimR S = 2m− 1 and (C(S), g) be the
toric Ka¨hler cone. In this section we construct the explicit examples of Lagrangian
submanifolds in C(S). Let µ : C(S)→ g∗ be a moment map and ∆ = µ(C(S)) be
the moment image of C(S). As explained in Section 2, there exists a finite set of
primitive vectors Λ = {λ1, . . . , λd} ⊂ Zg such that
∆ = { y ∈ g∗ | 〈y, λ〉 ≥ 0 forλ ∈ Λ } − {0}.
To construct Lagrangian submanifolds, first of all, take ζ ∈ g and c ∈ R, and we
denote the hyperplane { y ∈ g∗ | 〈y, ζ〉 = c } by Hζ,c. We assume that
Int∆ ∩Hζ,c 6= ∅ and(6)
ζ /∈ zy for any y ∈ ∆ ∩Hζ,c,(7)
where we define zy for y ∈ ∆ by
zy = SpanR{λi | 〈y, λi〉 = 0}.
For example, if y ∈ Int∆ then zy = {0}. We denote the intersection of ∆ and Hζ,c
by
∆ζ,c = ∆ ∩Hζ,c.
First assumption (6) means that ∆ζ,c is codimension one in ∆. Second assumption
(7) means that if p ∈ C(S) is in µ−1(∆ζ,c) then ζ(p) 6= 0, where we identify ζ ∈ g
and the vector field on C(S) generated by ζ ∈ g.
Let σ : C(S)→ C(S) be the involution explained in Section 2 and C(S)σ be the
real form. Let µσ : C(S)σ → ∆ be the restriction of µ on the real form. In fact, µσ
is a 2m-fold ramified covering of ∆. We define a subset of C(S)σ as the pull-back
of ∆ζ,c by µ
σ by
C(S)σζ,c = (µ
σ)−1(∆ζ,c)
= { p ∈ C(S)σ | 〈µ(p), ζ〉 = c }.
By the assumptions (6) and (7), in fact C(S)σζ,c is a real (m − 1)-dimensional
submanifold in the real form C(S)σ. Since µσ is a 2m-fold covering of ∆, C(S)σζ,c
is a 2m-fold covering of ∆ζ,c.
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Remark 3.1. If ζ and c do not satisfy the assumptions (6) and (7), then C(S)σζ,c
may become a singular submanifold.
To construct a Lagrangian submanifold, we move C(S)σζ,c by a one parameter
action of R+ and torus Tm. Take an open interval I ⊂ R. Let f : I → R and
ρ : I → R+ be two functions on I, and τ0 be an element of torus Tm. We assume
that f˙ is non-vanishing on I. We denote the 1-parameter orbit {exp(f(t)ζ) · τ0}t∈I
in torus by {τ(t)}t∈I . We define a real m-dimensional manifold by
Lζ,c = C(S)
σ
ζ,c × I.
Definition 3.2. We define a map F : Lζ,c → C(S) by
F (p, t) := ρ(t) · τ(t) · p
for (p, t) ∈ C(S)σζ,c × I = Lζ,c.
Remark 3.3. If ρ(t) · τ(t) is defined on I = R and periodic, then we can reduce I
to S1 and take Lζ,c as C(S)
σ
ζ,c × S
1.
Theorem 3.4. F : Lζ,c → C(S) is a Lagrangian submanifold in C(S).
Proof. Fix x0 = (p0, t0) ∈ Lζ,c. For any X ∈ Tp0C(S)
σ
ζ,c, we have
F∗X = (ρ(t0) · τ(t0))∗X(8)
and for ∂/∂t ∈ Tt0I we have
F∗
∂
∂t
= (ρ(t0) · τ(t0))∗
(
ρ˙(t0)
ρ(t0)
−→p0 + f˙(t0)ζ(p0)
)
.(9)
By the assumption, f˙(t0)ζ(p0) 6= 0 and it is orthogonal to all tangent vectors on
C(S)σ, it follows that F is an immersion. Next, it is clear that
ω(F∗X,F∗Y ) = ρ
2(t0)ω(X,Y ) = 0,
ω(F∗∂/∂t, F∗∂/∂t) = 0 and
ω(F∗∂/∂t, F∗X) = ρ
2(t0)f˙(t0)ω(ζ(p0), X).
As mentioned in Remark 2.4, if two vectors X and Y are tangent to the real form
then ω(X,Y ) = 0 and note that position vector −→p0 is tangent to the real form.
Finally, in fact ω(ζ(p0), X) = 0 since
ω(ζ(p0), X) = X(〈µ, ζ〉)
and by definition of C(S)σζ,c the function 〈µ, ζ〉 is a constant c on C(S)
σ
ζ,c. Thus we
have F ∗ω = 0 and F is a Lagrangian immersion. 
4. almost Calabi–Yau manifold
In this section, we recall the details about almost Calabi–Yau manifolds, special
Lagrangian submanifolds and so on.
Definition 4.1. Let (M,ω) be a Ka¨hler manifold with complex dimensionm. If the
canonical line bundleKM is trivial, we can take a non-vanishing holomorphic (m, 0)-
form Ω on M . Then we call a triple (M,ω,Ω) an almost Calabi–Yau manifold.
Furthermore if the function ψ : M → R defined below is identically constant, we
call it a Calabi–Yau manifold.
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On an almost Calabi–Yau manifold (M,ω,Ω), we define a function ψ by
e2mψ
ωm
m!
= (−1)
m(m−1)
2
(
i
2
)m
Ω ∧ Ω¯.
In this section, we always assume that (M,ω,Ω) is an almost Calabi–Yau man-
ifold with complex dimension m. Next, we define the Lagrangian angle of a La-
grangian submanifold.
Definition 4.2. Let F : L → M be a Lagrangian submanifold. The Lagrangian
angle of F is the map θF : L→ R/πZ defined by
F ∗(Ω) = eiθF+mF
∗(ψ)dVF∗(g),
where g is the Riemannian metric on M with respect to ω.
Note that we do not assume that L is oriented. Thus dVF∗(g) has ambiguity of
the sign. Since F : L → M is a Lagrangian submanifold, θF is well defined. For
details, see for example Harvey and Lawson [8, III.1] or Behrndt [2].
Remark 4.3. Note that F ∗Ω is a non-vanishing complex-valuedm-form on L. Hence
on each local coordinates (U, x1, . . . , xm) we can express F ∗Ω as
F ∗Ω = h(x)dx1 ∧ · · · ∧ dxm.
Here h is a non-vanishing complex-valued function on U . Then the Lagrangian
angle θF is exactly argh the argument of h.
Now we can define special Lagrangian submanifolds.
Definition 4.4. Take a constant θ ∈ R. We say that F : L → M is a special
Lagrangian submanifold with phase eiθ if the Lagrangian angle θF is identically
constant θ. This condition is equivalent to that
F ∗(Im(e−iθΩ)) = F ∗(cos θ ImΩ− sin θReΩ) = 0.
If F : L→M is a special Lagrangian submanifold with phase eiθ, then there is
a unique orientation on L in which F ∗(Re(e−iθΩ)) = F ∗(cos θReΩ + sin θ ImΩ) is
positive.
Historically Harvey and Lawson [8] have defined special Lagrangian submanifolds
by calibrations. Of course we can define special Lagrangian submanifolds in almost
Calabi–Yau manifolds by calibrations as follows. Let g be a Riemannian metric
with respect to ω. Here we define a new Riemannian metric g˜ onM by conformally
rescaling by g˜ = e2ψg. Then the m-form Re(e−iθΩ) becomes a calibration on the
Riemannian manifold (M, g˜) and the definition of special Lagrangian submanifolds
in (M,ω,Ω) is restated as a calibrated submanifold in the Riemannian manifold
(M, g˜) with respect to Re(e−iθΩ).
Here we introduce the generalized mean curvature vector field. The general-
ized mean curvature vector field was introduced by Behrndt in [1, §3] and later
generalized by Smoczyk and Wang in [16].
Definition 4.5. The generalized mean curvature vector field Hg of F : L→M is
a normal vector field defined by
Hg = H −m(∇ψ)⊥.
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Here H is the ordinary mean curvature vector field of F : L → M , ∇ is the
gradient with respect to g, and ⊥ is the projection from TM to T⊥L it is the
g-orthogonal complement of F∗(TL).
Note that if ψ is constant or equivalently (M,ω,Ω) is Ricci-flat, then Hg ≡ H .
As well known, if the ambient space is a Calabi–Yau manifold, then the Lagrangian
angle θF of a Lagrangian submanifold F : L → M and its mean curvature vector
field H satisfy the equation
H = J∇θF .
More precisely, H = JF∗(∇F∗gθF ) where ∇F∗g is the (F ∗g)-gradient on L, however
we write it as above for short. On the other hand, if the ambient space is an almost
Calabi–Yau manifold, the above equation does not hold in general. However if we
take Hg instead of H , the above equation holds. This is proved by Behrndt [1,
Prop. 4].
Proposition 4.6 (cf. [1, Prop. 4]). Let F : L → M be a Lagrangian submanifold
in an almost Calabi–Yau manifold. Then the generalized mean curvature vector
field satisfies Hg = J∇θF .
It is clear that if L is connected, then L is a special Lagrangian submanifold
if and only if Hg ≡ 0. For more motivation to introduce the generalized mean
curvature vector field and some properties, refer the paper of Behrndt [2].
5. Lagrangian angle
Let (C(S), g) be the toric Ka¨hler cone over a (2m− 1)-dimensional toric Sasaki
manifold (S, g). In this section we assume that the canonical line bundle KC(S) is
trivial. As mentioned in Remark 2.8, this assumption is equivalent to that there
exists an element γ ∈ (Zg)
∗ ∼= Zm such that
〈γ, λ〉 = 1
for all λ ∈ Λ. Then we can take a non-vanishing holomorphic (m, 0)-form Ωγ which
is expressed as
Ωγ = exp(γ1z
1 + · · ·+ γmz
m)dz1 ∧ · · · ∧ dzm
on the open dense Tm
C
-orbit U0 ∼= (C×)m by the logarithmic holomorphic coordi-
nates (zk)mk=1. Thus we have a toric almost Calabi–Yau cone manifold (C(S), ω,Ωγ).
Remember that in Section 3 we took the data c ∈ R, ζ ∈ g, I ⊂ R, f : I → R,
ρ : I → R+ and τ0 ∈ Tm, and we denoted τ(t) = exp(f(t)ζ) · τ0. We have defined
a submanifold
C(S)σζ,c = { p ∈ C(S)
σ | 〈µ(p), ζ〉 = c },
an m-dimensional manifold
Lζ,c = C(S)
σ
ζ,c × I
and a map F : Lζ,c → C(S) by
F (p, t) = ρ(t) · τ(t) · p.
Then by Theorem 3.4, F : Lζ,c → C(S) is a Lagrangian submanifold.
In this section, we want to compute F ∗Ωγ and the Lagrangian angle θF . Let
U0 ∼= (C×)m be an open dense TmC -orbit and (z
k)mk=1 be the logarithmic holomorphic
coordinates on U0. Then C(S)
σ ∩ U0 = { (x1, . . . , xm) ∈ Rm } and
C(S)σζ,c ∩ U0 = { (x
1, . . . , xm) | 〈µ(x), ζ〉 = c }.
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We have only to compute F ∗Ωγ on this open dense subset. If we denote τ0 =
(eiν
1
, . . . eiν
m
) ∈ Tm then we have the following lemma.
Lemma 5.1. The Lagrangian angle of F : Lζ,c → (C(S), ω,Ωγ) is given by
θF (x, t) =f(t)
m∑
k=1
γkζ
k +
m∑
k=1
γkν
k(10)
+ arg
( m∑
k=1
((
ρ˙(t)
ρ(t)
ξk + if˙(t)ζk
)
∂〈µ(x), ζ〉
∂xk
))
modπ,
where ξ = (ξ1, . . . , ξm) is the Reeb field on C(S).
Proof. Let L˜ = C(S)σ × I and ι : Lζ,c → L˜ be an inclusion map. If we define
F˜ : L˜→ C(S) by
F˜ (p, t) = ρ(t) · τ(t) · p,
then F = F˜ ◦ι and F ∗Ωγ = ι∗(F˜ ∗Ωγ). For τ = (eiθ
1
, . . . , eiθ
m
) ∈ Tm, the transition
map τ : U0 → U0 is expressed by
τ · (z1, . . . zm) = (z1 + iθ1, . . . , zm + iθm).
Since J(r ∂∂r ) = ξ and
ξ = ξ1
∂
∂y1
+ · · ·+ ξm
∂
∂ym
,
we have
r
∂
∂r
= ξ1
∂
∂x1
+ · · ·+ ξm
∂
∂xm
.
Hence for ρ ∈ R+ the transition map ρ : U0 → U0 is expressed by
ρ · (z1, . . . zm) = (z1 + ξ1 log ρ, . . . , zm + ξm log ρ).
Then we have
(F˜ ∗zk)(x1, . . . , xm, t) = xk + ξk log ρ(t) + i(f(t)ζk + νk).
Since
Ωγ = exp(γ1z
1 + · · ·+ γmz
m)dz1 ∧ · · · ∧ dzm
on U0 we have
F˜ ∗Ωγ = exp(h1(x, t) + ih2(x, t))d(F˜
∗z1) ∧ · · · ∧ d(F˜ ∗zm),
where we put
h1(x, t) =
m∑
k=1
γkx
k + log ρ(t)
m∑
k=1
γkξ
k,
h2(x, t) = f(t)
m∑
k=1
γkζ
k +
m∑
k=1
γkν
k and
d(F˜ ∗zk) = dxk +
(
ρ˙(t)
ρ(t)
ξk + if˙(t)ζk
)
dt.
Fix a point p0 ∈ C(S)σζ,c ∩ U0. If we put φ(x) := 〈µ(x), ζ〉 − c, then C(S)
σ
ζ,c
is locally expressed around p0 as { (x1, . . . , xm) | φ(x1, . . . , xm) = 0 }. By the
definition of a moment map and the non-degeneracy of Ka¨hler form, we have dφ =
−ω(ζ, ·) 6= 0 at p0. Hence there exists k0 ∈ {1, . . . ,m} such that
∂φ
∂xk0
(p0) 6=
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0. Thus by the implicit function theorem, xk0 is locally represented as xk0 =
xk0(x1, . . . , xk0−1, xk0+1, . . . , xm). Note that since φ(x1, . . . , xm) = 0, we have
∂φ
∂xℓ
+
∂φ
∂xk0
∂xk0
∂xℓ
= 0
for all ℓ 6= k0. If we take (x1, . . . , xk0−1, xk0+1, . . . , xm) as a local coordinates on
C(S)σζ,c, we have
ι∗(d(F˜ ∗z1) ∧ · · · ∧ d(F˜ ∗zm))
=h3(x, t)dx
1 ∧ · · · ∧ dxk0−1 ∧ dxk0+1 ∧ · · · ∧ dxm ∧ dt,
where
h3(x, t) = (−1)
m−k0
(
∂〈µ(x), ζ〉
∂xk0
)−1( m∑
ℓ=1
(
ρ˙(t)
ρ(t)
ξℓ + if˙(t)ζℓ
)
∂〈µ(x), ζ〉
∂xℓ
)
.
As mentioned in Remark 4.3, the Lagrangian angle θF is
arg(h3 exp(h1 + ih2)) = h2 + arg(h3).
One can prove that this coincides with the right hand side of the equation (10). 
6. Construction of special Lagrangian submanifolds
Let (C(S), ω,Ωγ) be a toric almost Calabi–Yau cone over a toric Sasaki manifold
(S, g). In this section, we construct the special Lagrangian submanifolds in C(S).
Let F : L(ζ, c)→ C(S) be a Lagrangian submanifold explained in Section 3. Then
we find the conditions such that F is a special Lagrangian submanifold. Remember
that we denote the Reeb field ξ and write τ0 = (e
iν1 , . . . , eiν
m
) ∈ Tm. Here we put
N := 〈ζ, γ〉 =
m∑
k=1
γkζ
k and θ :=
m∑
k=1
γkν
k.
Theorem 6.1. Assume that the function ρ : I → R+ is identically constant. Take
a constant θ0 ∈ R. Then F : Lζ,c → C(S) is a special Lagrangian submanifold with
phase eiθ0 if and only if
N = 0 and θ +
π
2
= θ0.
Proof. Since ρ˙(t) = 0, by Lemma 5.1 we have the Lagrangian angle
θF (p, t) = f(t)N + θ +
π
2
.
Note that we have assumed that f(t) is not constant. Thus the statement follows
clearly. 
Theorem 6.2. We assume that ζ = ξ, and put κ(t) := log ρ(t). Take a constant
θ0 ∈ R. Then F : Lζ,c → C(S) is a special Lagrangian submanifold with phase eiθ0
if and only if
Im(ei(θ−θ0)eN(κ(t)+if(t))) = const(11)
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Proof. Since ζ = ξ, by Lemma 5.1, we have the Lagrangian angle
θF (p, t) = f(t)N + θ + arg(κ˙(t) + if˙(t))
= arg((κ˙(t) + if˙(t))ei(f(t)N+θ)).(12)
Note that γ is in ∆ since 〈γ, λ〉 = 1 for all λ ∈ Λ and, as mentioned in Remark
2.6, the Reeb field ξ = ζ is in ∆∗0 and this means that N = 〈γ, ζ〉 > 0. Since
the argument of a complex valued function is unchanged by a multiplication of a
positive function, we can multiply the term in the argument in (12) by NeNκ(t)
and we have
θF (p, t) = arg((κ˙(t) + if˙(t))e
i(f(t)N+θ))
= arg(N(κ˙(t) + if˙(t))eNκ(t)+i(f(t)N+θ)).
If we put
h(t) = eNκ(t)+i(f(t)N+θ),
then it is clear that θF (p, t) = arg(h˙(t)). Thus it follows that θF ≡ θ0 constant if
and only if
Im(ei(θ−θ0)eN(κ(t)+if(t))) = const.

Remark 6.3. If we define the curves cj : I → C× by
cj(t) := ρ
ξj (t)ei(f(t)ξ
j+νj),
then the equality (11) in Theorem 6.2 is equivalent to the equality
Im
(
e−iθ0cγ11 · · · c
γm
m
)
= const.
For example in Cm, the canonical Reeb field is ξ = (1, . . . , 1) and we can take
γ = (1, . . . , 1). Then if we take θ0 = 0 and ν
1 = · · · = νm = 0 for example, then
c1(t) = · · · = cm(t), and we put c(t) := c1(t). Then the equality (11) in Theorem
6.2 becomes
Im(cm(t)) = const,
and the image of F : Lζ,c → Cm coincides with
{ (c(t)x1, . . . , c(t)xm) ∈ Cm | t ∈ I, xj ∈ R, (x1)2 + · · ·+ (xm)2 = c }.
Hence this is an extension of examples of special Lagrangian submanifolds men-
tioned in Theorem 3.5 in Section III.3.B. in the paper of Harvey and Lawson [8].
7. Construction of Lagrangian self-similar solutions
Let (C(S), ω,Ωγ) be a toric almost Calabi–Yau cone over a toric Sasaki manifold
(S, g). Since C(S) has both the cone structure and the almost Calabi–Yau structure,
we can consider both the position vector and the generalized mean curvature vector.
Then we can defined the generalized self-similar solution. LetM be a manifold and
F : M → C(S) be an immersion. Then we say that F is a generalized self-similar
solution if
Hg = λ
−→
F ⊥
for some λ ∈ R. In this section, we construct the Lagrangian generalized self-
similar solutions in C(S). Let F : Lζ,c → C(S) be a Lagrangian submanifold
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explained in Section 3. Remember that we denote the Reeb field ξ and write
τ0 = (e
iν1 , . . . , eiν
m
) ∈ Tm, and in Section 6, we put
N = 〈ζ, γ〉 =
m∑
k=1
γkζ
k and θ =
m∑
k=1
γkν
k.
Theorem 7.1. Let us assume that ζ = ξ, and put c(t) := ρ(t)eif(t) ∈ C×. If there
exist a function θ : I → R/πZ and a constant A ∈ R, and θ(t) and c(t) satisfy the
differential equations{
c˙(t) = ei(θ(t)−θ)c(t)
N−1
θ˙(t) = Aρ(t)N sin(f(t)N + θ − θ(t)),
(13)
then F : Lζ,c → C(S) is a Lagrangian generalized self-similar solution with
2cHg = A
−→
F
⊥
and Lagrangian angle θF (p, t) = θ(t).
Proof. First of all, we prove that the Lagrangian angle θF (p, t) is equal to θ(t).
Since ζ = ξ, by Lemma 5.1 we have the Lagrangian angle
θF (p, t) = f(t)N + θ + arg(κ˙(t) + if˙(t)),
where κ(t) = log ρ(t). Since the argument of a complex valued function is un-
changed under the multiplication of a positive real valued function, by multiplying
2ρ(t)2 we have
arg(κ˙(t) + if˙(t)) = arg(2ρ(t)2κ˙(t) + 2iρ(t)2f˙(t))
= arg
(
d
dt
(ρ(t)2) + 2iρ(t)2f˙(t)
)
.
Since c(t) = ρ(t)eif(t), we have
c˙(t) = ρ˙(t)eif(t) + iρ(t)f˙(t)eif(t)
and multiplying this equation by 2ρ(t)e−if(t)(= 2c(t)) we have
2c(t)c˙(t) =
d
dt
(ρ(t)2) + 2iρ(t)2f˙(t).(14)
If we use the differential equation (13) with respect to c(t) then the left hand side
of (14) is equal to
2c(t)c˙(t) = 2ei(θ(t)−θ)c(t)
N
= 2ρ(t)Nei(θ(t)−θ−f(t)N).(15)
Thus we have
arg(κ˙(t) + if˙(t)) = θ(t)− θ − f(t)N.
Consequently we have proved that
θF (p, t) = θ(t).
We turn to the proof of 2cHg = A
−→
F
⊥
. Since ω is non-degenerate and we have
the orthogonal decomposition
TF (p)C(S) = F∗(TpLζ,c)⊕ J(F∗(TpLζ,c))
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for all p in Lζ,c, we have only to prove that
ω(2cHg, F∗X) = ω(A
−→
F
⊥
, F∗X)
for all X tangent to Lζ,c. Furthermore, since ω(A
−→
F
⊥
, F∗X) = ω(A
−→
F , F∗X), it is
equivalent to prove that
ω(2cHg, F∗X) = ω(A
−→
F , F∗X).
Remember that Lζ,c = C(S)
σ
ζ,c × I. Fix x0 = (p0, t0) in Lζ,c, X in Tp0C(S)
σ
ζ,c and
∂/∂t in Tt0I. See the equalities (8) and (9) in the proof of Theorem 3.4, we have
F∗X = (ρ(t0) · τ(t0))∗X
F∗
∂
∂t
= (ρ(t0) · τ(t0))∗
(
ρ˙(t0)
ρ(t0)
−→p0 + f˙(t0)ξ(p0)
)
.
By Proposition 4.6 we have
Hg = JF∗(∇F∗gθF ),
where ∇F∗g is the (F
∗g)-gradient on L. By the definition of the position vector,
one can prove that
−→
F (x0) = (ρ(t0) · τ(t0))∗(
−→p0)
at x0 = (p0, t0). Note that we have proved that the Lagrangian angle
θF (p, t) = θ(t)
and this function is independent of any points in C(S)σζ,c. Thus if X is tangent to
C(S)σζ,c at p0, then we have
ω(2cHg, F∗X) = 2c ω(JF∗(∇F∗gθF ), F∗X) = −2c(F
∗g)(∇F∗gθF , X)
= −2cX(θF ) = 0.
Since if we substitute two vectors tangent to the real form into ω then it is zero,
and −→p0 is tangent to the real form, for X tangent to C(S)σζ,c at p0 we have
ω(A
−→
F , F∗X) = Aρ
2(t0)ω(
−→p0 , X) = 0.
Thus we have
ω(2cHg, F∗X) = 0 = ω(A
−→
F , F∗X)
for all X tangent to C(S)σζ,c at p0. Next, for ∂/∂t tangent to I at t0, we have
ω(2cHg, F∗
∂
∂t
) = 2c ω(JF∗(∇F∗gθF ), F∗
∂
∂t
) = −2c(F ∗g)(∇F∗gθF ,
∂
∂t
)
= −2c
∂
∂t
θF = −2cθ˙(t0)
= −2cAρ(t0)
N sin(f(t0)N + θ − θ(t0)).
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In the last equality, we use the differential equation (13) with respect to θ(t). On
the other hand, we have
ω(A
−→
F , F∗
∂
∂t
) = Aρ2(t0)f˙(t0)ω(
−→p0 , ξ(p0)) = Aρ
2(t0)f˙(t0)
−→p0(〈µ, ξ〉))
= Aρ2(t0)f˙(t0)
d
dρ
∣∣∣∣
ρ=1
〈µ(ρ · p0), ξ〉
= Aρ2(t0)f˙(t0)
d
dρ
∣∣∣∣
ρ=1
ρ2〈µ(p0), ξ〉
= 2cAρ2(t0)f˙(t0).
In the fourth equality, we use 〈µ(ρ · p0), ξ〉 = ρ2〈µ(p0), ξ〉 for a ρ ∈ R+ action and
it follows by the definition of the moment map (3). In the last equality, remember
that for p0 in C(S)
σ
ζ,c (now ζ = ξ by the assumption) 〈µ(p0), ζ〉 = c by the definition
of C(S)σζ,c. By the equality (14), we know that 2ρ
2(t0)f˙(t0) is the imaginary part
of 2c(t0)c˙(t0), and using the equality (15) we show that
2ρ2(t0)f˙(t0) = 2ρ
N(t0) sin(θ(t0)− θ − f(t0)N)
Thus we have
ω(2cHg, F∗
∂
∂t
) = ω(A
−→
F , F∗
∂
∂t
).
This means that 2cHg = A
−→
F
⊥
. 
Remark 7.2. Here we assume that all ξj 6= 0. If we define curves cj : I → C∗ by
cj(t) := ρ
ξj (t)ei(f(t)ξ
j+νj),
then the differential equations (13) in Theorem 7.1 are equivalent to the following
differential equations.{
d
dtc
1/ξj
j (t) = e
iθ(t)cγ11 (t) · · · c
γj−1/ξj
j (t) · · · c
γm
m (t) (j = 1, . . . ,m)
d
dtθ(t) = A Im(e
−iθ(t)cγ11 (t) · · · c
γm
m (t)).
(16)
For example in Cm, the canonical Reeb field is ξ = (1, . . . , 1) and γ = (1, . . . , 1).
Then if we take θ0 = 0 and ν
1 = · · · = νm = 0 for example, then the above equality
(16) becomes{
d
dtcj(t) = e
iθ(t)c1(t) · · · cj−1(t) · cj+1(t) · · · cm(t) (j = 1, . . . ,m)
d
dtθ(t) = A Im(e
−iθ(t)c1(t) · · · cm(t)),
and the image of F : Lζ,c → Cm coincides with
{ (c1(t)x
1, . . . , cm(t)x
m) ∈ Cm | t ∈ I, xj ∈ R, (x1)2 + · · ·+ (xm)2 = c }.
This differential equations appear in Theorem A in the paper of Joyce, Lee and
Tsui [11]. Hence this is one of extension of the paper of Joyce, Lee and Tsui in Cm
to the toric almost Calabi–Yau cone.
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8. Examples
In this section, we apply the theorems and construct some concrete examples of
special Lagrangians and Lagrangian self-similar solutions. As explained in Remark
2.6 in Section 2, the moment image of a toric Ka¨hler cone is a strongly convex good
rational polyhedral cone. Conversely, we can construct a toric Ka¨hler cone from a
strongly convex good rational polyhedral cone by the Delzant construction.
Let
∆ = { y ∈ g∗ | 〈y, λi〉 ≥ 0 for i = 1, · · · , d } − {0}
be a strongly convex good rational polyhedral cone and put the (open) dual cone
∆∗0 = { ξ ∈ g | 〈v, ξ〉 > 0 for all v ∈ ∆ }.
Proposition 8.1. For ∆ and ξ ∈ ∆∗0, there exists a compact connected toric Sasaki
manifold (S, g) whose moment image is equal to ∆ and whose Reeb vector field is
generated by ξ.
This proposition is proved by the Delzant construction, for details see [12] and
[13]. Of course the cone (C(S), g) of (S, g) is a toric Ka¨hler manifold whose moment
image is equal to ∆.
As mentioned in Remark 2.8 in Section 2, the canonical line bundle KC(S) is
trivial if and only if there exists an element γ in (Zg)
∗ ∼= Zm such that 〈γ, λj〉 = 1
for all j = 1, . . . , d, and using γ we can construct a non-vanishing holomorphic
(m, 0)-form Ωγ that is written by
Ωγ = exp(γ1z
1 + . . . γmz
m)dz1 ∧ · · · ∧ dzm(17)
on an open dense Tm
C
-orbit by the logarithmic holomorphic coordinates. This con-
dition is called the height 1 and in fact there exists a definition of the height ℓ for
some ℓ ∈ Z, for example see Cho-Futaki-Ono [4]. Here we want to introduce the
results in [4].
Theorem 8.2 (cf. Theorem 1.2 in [4]). Let S be a compact toric Sasaki manifold
with cB1 > 0 and c1(D) = 0. Then by deforming the Sasaki structure varying the
Reeb vector field, we obtain a Sasaki-Einstein structure.
We do not explain the meanings of cB1 and c1(D) in this paper, but in [4] it is
proved that the condition with cB1 > 0 and c1(D) = 0 is equivalent to the height ℓ for
some ℓ ∈ Z. Note that (S, g) is Sasaki-Einstein if and only if (C(S), ω) is Ricci flat.
Thus, if we use Theorem 8.2, then we get a toric Calabi–Yau cone (C(S), ω,Ωγ)
rather than almost Calabi–Yau . The merit of using the toric Calabi–Yau is that
Hg coincides with H .
From now on, we restrict ourselves to the case of dimC C(S) = 3. There is a
useful proposition (c.f. [4] ) to check whether given inward conormal vectors λi
satisfy the goodness condition (5) of Definition 2.7.
Proposition 8.3. Let ∆ be a strongly convex rational polyhedral cone in R3 given
by
∆ = { y ∈ R3 | 〈y, λi〉 ≥ 0, j = 1, · · · , d } − {0}
λ1 =

 1p1
q1

 , · · · , λd =

 1pd
qd

 .
Then ∆ is good in the sense of Definition 2.7 if and only if either
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(1) |pi+1 − pi| = 1 or
(2) |qi+1 − qi| = 1 or
(3) pi+1 − pi and qi+1 − qi are relatively prime non-zero integers
for i = 1, · · · , d where we have put λd+1 = λ1.
Example 8.4. Take an integer g ≥ 1. If g = 1, let ∆ be the strongly convex rational
polyhedral cone defined by
∆ = ∆1 = { y ∈ R
3 | 〈y, λi〉 ≥ 0, i = 1, 2, 3, 4 }− {0}
with
λ1 :=

 1−1
−1

 , λ2 :=

 10
−1

 , λ3 :=

11
0

 , λ4 :=

12
3

 .
If g ≧ 2 let ∆ be the strongly convex rational polyhedral cone defined by
∆ = ∆g = { y ∈ R
3 | 〈y, λi〉 ≥ 0, i = 1, . . . , g + 3 } − {0}
with
λ1 :=

 1−1
−1

 , λk :=

 1k − 2
(k − 2)2 − 1

 (k = 2, 3, . . . , g + 2), λg+3 :=

 1−2
g2

 ,
Then by Proposition 8.3, ∆ is a strongly convex good rational polyhedral cone. Since
we can take γ as (1, 0, 0) so that 〈γ, λj〉 = 1 for j = 1, . . . , g + 3, this condition
satisfies the height 1 and we can use Theorem 8.2. Let (C(S), ω) be a toric Ka¨hler
manifold whose moment image is equal to ∆. The existence of it is guaranteed by
Proposition 8.1. If necessary, we deform the Ka¨hler form ω and Reeb field ξ on
C(S) so that (C(S), ω) is Ricci flat by Theorem 8.2. Thus we can assume that
(C(S), ω) is Ricci flat. Furthermore, since we can take γ as above, the canonical
line bundle KC(S) is trivial and we have a non-vanishing holomorphic (3, 0)-form
Ωγ on C(S). Thus we have a Calabi–Yau cone Mg = (C(S), ω,Ωγ) and denote its
Reeb field by ξ.
For example, if we take
c :=
1
2
〈γ, ξ〉 and ζ := ξ,
then ζ and c satisfy the assumptions (6) and (7) in Section 3, which proved in
Proposition A.1 in Appendix A. Then the shape of ∆ζ,c = ∆∩Hζ,c is a (g+3)-gon,
which proved in Proposition A.2 in Appendix A. For example if g = 1 then ∆ζ,c is
a quadrilateral and if g = 2 then ∆ζ,c is a pentagon.
Remember that µσ, the restriction of the moment map µ to the real form C(S)σ,
is a 23(= 8)-fold covering of ∆, and we have defined C(S)σζ,c = (µ
σ)−1(∆ζ,c). Hence
the topological shape of the C(S)σζ,c is a 2-dimensional surface constructed from 8-
copies of ∆ζ,c that is glued with certain boundaries. In this setting, we can see
that
C(S)σζ,c
∼= Σg,
where Σg is a closed surface of genus g. This will be explained in Proposition A.3
in Appendix A.
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Special Lagrangian. First we construct special Lagrangian submanifolds
using Theorem 6.2. Now N = 〈γ, ζ〉 > 0. For example take θ0 = 0. Then, for
example, take an open interval I = (0, π), and define f : I → R and ρ : I → R+ by
f(t) =
1
N
t and ρ(t) =
(
1
sin t
)1/N
,
and take τ0 = (e
iν1 , eiν
2
, eiν
3
) in T 3 as ν1 = ν2 = ν3 = 0. Then θ = γ1ν
1 + γ2ν
2 +
γ3ν
3 = 0. This setting satisfies the equality (11). Thus F : Lζ,c →Mg is a special
Lagrangian submanifold and Lζ,c is diffeomorphic to
Lζ,c ∼= Σg × R.
Note that of course the map F and Lζ,c depend on g, and in Example 1.4 we denote
these by F 1g : L
1
g →Mg.
Lagrangian self-similar solution. Next we construct Lagrangian (general-
ized) self-similar solutions using Theorem 7.1. Now N = 〈γ, ζ〉 > 0. For example
take
θ(t) = Nt+
π
2
and A = −N.
Then, for example, take an interval I = R, and define f : I → R and ρ : I → R+
by
f(t) = t and ρ(t) = 1,
and take τ0 = (e
iν1 , eiν
2
, eiν
3
) in T 3 as ν1 = ν2 = ν3 = 0. Then θ = γ1ν
1 + γ2ν
2 +
γ3ν
3 = 0. This setting satisfies the differential equations (13). Thus F : Lζ,c →
C(S) is a Lagrangian self-similar solution (self-shrinker). Furthermore as mentioned
in Remark 3.3, we can reduce I to S1, hence we have a compact Lagrangian self-
shrinker F : Lζ,c →Mg with
Hg = −
−→
F
⊥
which is diffeomorphic to
Lζ,c ∼= Σg × S
1.
Note that of course the map F and Lζ,c depend on g, and in Example 1.4 we denote
these by F 2g : L
2
g →Mg.
Remark 8.5. InMg(= C(S)) constructed above, it is clear that the real form C(S)
σ
itself is one of the most typical examples of special Lagrangian submanifold in C(S),
and it is a cone. Hence C(S)σ is also diffeomorphic to Σg ×R. However the above
example F 1g : L
1
g → Mg is different from the real form itself, especially it dose not
have a cone shape.
Appendix A.
In this appendix, we give some proofs for the statements mentioned in Example
8.4 in Section 8.
Proposition A.1. ζ and c in Example 8.4 satisfy the assumptions (6) and (7) in
Section 3.
Proof. First, it is clear that 12γ is in Int∆ and it is also in Hζ,c. This proves that ζ
and c satisfy the assumption (6). Next we prove that ζ and c satisfy the assumption
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(7) by the proof of contradiction. Assume that there exists y in ∆∩Hζ,c such that
ζ is in zy. Here remember that
zy = SpanR{λj | 〈y, λj〉 = 0 }.
Since y is in ∆ and, as mentioned in Remark 2.6, the Reeb field ξ is in ∆∗0, this
means that 〈y, ζ〉 = 〈y, ξ〉 > 0. On the other hand, the pairing of y and all elements
in zy is zero. This is in contradiction to that ζ is in zy. Thus we have proved that
ζ and c satisfy the assumption (7). 
Proposition A.2. The shape of ∆ζ,c = ∆ ∩Hζ,c in Example 8.4 is a (g+ 3)-gon.
Proof. First, we denote the facet of ∆ defined by λj by
Fj = { y ∈ ∆ | 〈y, λj〉 = 0 }
for j = 1, . . . , g + 3. Next, take an element y in Fj and put κ :=
c
〈y,ζ〉 . Since
1
2γ
and y are in ∆ and ζ = ξ is in ∆∗0, it follows that c =
1
2 〈γ, ξ〉 > 0, 〈y, ζ〉 > 0 and
κ > 0. Then κy is in Fj and Hζ,c. This means that the hyperplane Hζ,c intersects
all facets of ∆. Thus we have proved that ∆ζ,c is a (g + 3)-gon. 
Proposition A.3. Under the setting in Example 8.4,
C(S)σζ,c
∼= Σg,
where Σg is a closed surface of genus g.
Proof. There exists an open dense T 3
C
-orbit on C(S). We identify T 3
C
with (C×)3.
It is clear that the real form of (C×)3 is (R×)3 and it has 8 connected components
R3(κ1, κ2, κ3), where κi are +1 or −1 and we define
R
3(κ1, κ2, κ3) = { (x1, x2, x3) ∈ R
3 | κ1x1 > 0, κ2x2 > 0, κ3x3 > 0 }.
There is a standard diffeomorphism from each R3(κ1, κ2, κ3) to R
3 defined by
− log | · | : R3(κ1, κ2, κ3)→ R
3,
that is , (x1, x2, x3) maps to (− log |x1|,− log |x2|,− log |x3|). In the algebraic toric
geometry, there is a concept of manifolds with corner associated with toric varieties.
From this view point, we can consider that R3 is rescaled and embedded into ∆,
that is a manifold with corner. This means that the infinity toward the direction
of λj in R
3 corresponds to the facet Fj of ∆ defined by λj . For more general
treatment, see Oda [15]. In this sense, we identify R3 and Int ∆, and we identify
the infinity toward the direction of λj in R
3 and the facet Fj of ∆ defined by λj .
For each inward conormal λj = (λ
1
j , λ
2
j , λ
3
j ) of ∆, then consider a curve cj(t) in
R3 ∼= Int∆ defined by
cj(t) = tλj = (λ
1
j t, λ
2
j t, λ
3
j t).
Then the pull back of cj(t) to R
3(κ1, κ2, κ3) by − log | · | is
c˜j(t) = (κ1e
−λ1j t, κ2e
−λ2j t, κ3e
−λ3j t)
and if we put s = e−t > 0 then this curve c˜j(t) in R
3(κ1, κ2, κ3) is written by
c˜j(s) = (κ1s
λ1j , κ2s
λ2j , κ3s
λ3j ).
SLAG AND LAG.SSS IN CONES OVER TORIC SASAKI MANIFOLDS 21
If this curve tends to the facet Fj , then it is equivalent to t→ +∞ and also s→ +0.
If we allow to take s = 0, then the point c˜j(0) can be considered as in the facet Fj
and furthermore if we allow to take s < 0, then the curve c˜j(s) is in
R
3((−1)λ
1
jκ1, (−1)
λ2jκ2, (−1)
λ3jκ3).
This means that if we prepare 8 copies of ∆ and give the labels formally to each ∆
as
∆(+1,+1,+1), ∆(+1,+1,−1), ∆(+1,−1,+1), ∆(+1,−1,−1),
∆(−1,+1,+1), ∆(−1,+1,−1), ∆(−1,−1,+1), ∆(−1,−1,−1),
(18)
then ∆(κ1, κ2, κ3) and ∆((−1)
λ1jκ1, (−1)
λ2jκ2, (−1)
λ3jκ3) are glued together along
the facet Fj defined by λj .
In the above observation, we consider the gluing relation of 8 copies of ∆ however,
the glueing relation of ∆ζ,c is the same as ∆. That is, if we prepare 8 copies of
∆ζ,c and give the labels formally to each ∆ζ,c as same as (18), then ∆ζ,c(κ1, κ2, κ3)
and ∆ζ,c((−1)
λ1jκ1, (−1)
λ2jκ2, (−1)
λ3jκ3) are glued together along the edge Ej =
Fj ∩∆ζ,c defined by λj . This is the topological shape of C(S)σζ,c.
Then one can check that C(S)σζ,c
∼= Σg by the straight forward observations
glueing 8 copies of ∆ζ,c as above relations. In Figure 1 and Figure 2, we draw
the image of the way of gluing in the case g = 1 and g = 2 respectively. In these
figures, we write ∆ζ,c(κ1, κ2, κ3) by (κ1, κ2, κ3) for short and the edge Ej by j for
short, and glue same labels together. Note that in Figure 2 we write a pentagon as
a quadrilateral by joining edge 4 and edge 5 flatly to write a picture easily. 
✲✛ ✲✛
✛ ✲✛ ✲
✛ ✲✛ ✲
❄
✻
❄
✻
❄
✻
❄
✻
❄
✻
(+,+,+) (−,−,+) (+,+,−) (−,−,−)
(−,+,−) (+,−,−) (−,+,+) (+,−,+)
1 11 1
1 11 1
2 2 2 2
2 2 2 2
33 33
33 33
4 4 4 4
4 4 4 4
1a 1a
1b 1b
4a
4a
4b
4b
4c
4c
4d
4d
Figure 1. g = 1
✲✛ ✲✛
✛ ✲ ✛ ✲✛ ✲✛ ✲
✛ ✲ ✛ ✲✛ ✲✛ ✲
❄
✻
❄
✻
❄
✻
❄
✻
❄
✻
(+,+,+) (−,−,+) (+,+,−) (−,−,−)
(−,+,−) (+,−,−) (−,+,+) (+,−,+)
1 11 1
1 11 1
2 2 2 2
2 2 2 2
33 33
33 33
4 5 4 5
4 5 4 5
5 4 5 4
5 4 5 4
1a 1a
1b 1b
4a
4a
5b
5d
4c
4c
5d
5b
5a
5c
4b
4b
5c
5a
4d
4d
Figure 2. g = 2
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